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$\mathrm{K}$ $F$ (x, $u_{1},$ $\ldots,$ $u_{\ell}$ ) $\mathrm{K}$ $\overline{\mathrm{K}}$ $\mathrm{K}$ ( $s_{1},$ $\ldots$ , s
Hensel
Hensel $F$(x, $s_{1},$ $\ldots,$ $s\ell$ ) $(s_{1}, \ldots, s\ell)$ Hensel






Hensel 2 1989 Kuo [Kuo89]





2 Hensel ( [SK99], [SIOO] )





$\mathrm{K}$ $\mathrm{K}[u_{1}, \ldots, u\ell],$ $\mathrm{K}$ (u1, . . . , $u\ell$ ) $\mathrm{K}\{u_{1}, \ldots, u\ell\}$ $\mathrm{K}\text{ }$
$u_{1},$ $\ldots,$
$u_{\mathit{1}}$
$(s_{1}, \ldots, s\ell)\in\overline{\mathrm{K}}^{\ell}$ $(u_{1}, \ldots, u_{\ell})$
( $s_{1},$ $\ldots,$ $s$p) (u) (s) $F(x,u)\in \mathrm{K}[x, u]$ ( )
( )





$\deg(F),$ $1\mathrm{c}(F)$ $F$ $x$ tdeg(f.$\cdot$ ) $f_{i}$ $u_{1},$ $\ldots,$ $u\ell$
( $f_{\mathrm{i}}$ $T=cu_{1}^{e_{1}}\cdots u_{\ell}^{ep}(c\neq 0)$ tdeg(T) $=e_{1}+\cdots+e_{\ell}$ )
$\mathrm{o}\mathrm{r}\mathrm{d}(f_{i})$ $f$: $f_{i}$ $f(u)/g(u)$
$\mathrm{o}\mathrm{r}\mathrm{d}(f/g)=\mathrm{o}\mathrm{r}\mathrm{d}(f)-$ Ord(g) $\mathrm{g}\mathrm{c}\mathrm{d}(F, G)$ $F$ $G$









(s) $F$ (x, $s$ ) (s) (Hensel ) $f_{n}(s)=0$
(s)
$u_{1},$ $\ldots,u\ell$
$t$ $u:-\rangle$ tu: $(i=1, \ldots,\ell)$ ( $u:\succ*t^{\omega}:u:(i=$
$1,$ $\ldots,\ell)_{\text{ }}$ (\mbox{\boldmath $\omega$}1, $\ldots,\omega p$ ) ) $\hat{F}$ (x, $t,$ $u$)
2($F($x, $u)$ Newton ae $\mathcal{L}$ Newton $F_{\mathrm{N}*\mathrm{w}}($x, $u)$ )
0 $\hat{F}$ (x, $u$ ) $cx^{:}t^{j}u_{1}^{j_{1}}\cdots u_{\mathit{1}}^{j_{\ell}}(c\in \mathrm{K}, j=j_{1}+\cdots+j\ell)$ $(i,j)$ ( $ae_{e}$ , et\succ
$\nu=\mathrm{o}\mathrm{r}\mathrm{d}(f_{n})$ $(\mathrm{n}, \nu)$ ( 1 $P$ ) ( $e_{x}$ , et)-
$F$ (x, $u$) Newton ( $C$ ) $\mathcal{L}_{\mathrm{N}\mathrm{e}\mathrm{w}}$
$F$(x, $u$) Newton ($F_{\mathrm{N}\mathrm{e}\mathrm{w}}$ (x, $u$) )
1
$F$ et









FN $\mathrm{w}$ $G_{1}^{(0\rangle},$ $\ldots,$ $G_{r}^{(0)}$
$F(x,u)\equiv G_{1}^{(k)}(x,u)\cdots G_{r}^{(k)}(x,u)$ $(\mathrm{m}\mathrm{o}\mathrm{d} I_{k+1})$ . (3)
Hensel $I_{k}$ | $k=0\Rightarrow 1\Rightarrow 2\Rightarrow\cdots$
$\mathcal{L}_{k}$ $C$
3($G($x, $u)$ Newton )
$G$(x, $u$ ) $\in\overline{\mathrm{K}}\{(u)\}[x]$ $G$ (x, tu) $cx^{:}t^{j}u_{1}^{j_{1}}\cdots u\epsilon’/D(tu)(c\in\overline{\mathrm{K}},$ $j=j_{1}+\cdots+jp,$ $D$ (u) $\mathrm{o}\mathrm{r}\mathrm{d}(D)=d$
$u_{1},$ $\ldots,$
$u\ell$ ) $(i, j-d)$ ($e_{x}$ , et)- $G$ (x, $u$)
Newton $N$ $N$ $S_{1},$ $\ldots,$ $S_{\rho}$
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Newton $S_{1}$ 2 1
Newton 2 $S_{1},$ $S_{2}$
Newton 1 $\rho=1$ Hensel 1
$e_{t}$
Hensel Hensel
$\rho>1$ $F$ (x, $u$) Newton $Fs_{1}$
( $n_{1}$ $Fs_{1}$ )




Hensel $F$ (x, $u$ ) $e_{x}$
2:Newton
$F(x, u)=F_{2}$ (x, $u$). cont $(Fs_{1})G_{1}^{(\infty)}(x, u)$ . . . $G_{r}^{(\infty)}(x, u)$ . $(5)$
$F_{2}$ (x, $u$ ) $x^{n_{1}}$ Hensel $F_{2}$ (x, $u$) Hensel (Newton
$S_{2}$ ) Hensel $S_{1}\Rightarrow s_{2}\Rightarrow\cdots\Rightarrow S,$ Hensel
Hensel [SIOO] Theorem 1( ) $\overline{\mathrm{K}}\{u\}[x]$ $\overline{\mathrm{K}}\{(u)\}[x]$
$\overline{\mathrm{K}}\{(u)\}[x]$ $\overline{\mathrm{K}}\{u\}[x]$
1. $i\in$ $\{$ 1, .. . , $\rho\}$ $S.\cdot$ Hensel $d_{:}(u)$
$d_{\dot{\mathrm{t}}}(u)$ ( Hensel )




$F$ (x, $u$) $(u)=(0)$ $F_{\mathrm{N}\mathrm{e}\mathrm{w}}$ Newton $F_{\mathrm{N}\mathrm{e}\mathrm{w}}$ $\overline{\mathrm{K}}[x, u]$
$\{$
FN $w$ (x, $u$) $=G_{0}^{(0)}(x, u)$ . $G_{1}^{(0)}(x, u)$ . . . $G_{\mathrm{r}}^{(0)}(x,u)$ ,
$G_{0}^{(0)}=\mathrm{c}\mathrm{o}\mathrm{n}\mathrm{t}(F_{\mathrm{N}\mathrm{e}\mathrm{w}})x$n0, $\mathrm{g}\mathrm{c}\mathrm{d}(G_{*}^{(0)}., G_{j}^{(0)})=1(\forall i\neq j)$ .
(6)
no $F_{\mathrm{N}\mathrm{e}\mathrm{w}}$ $F$(x, $u$) $f_{n}$ (u) $\overline{\mathrm{K}}[u]$
$\{$
$f_{n}(u)=w\cdot W_{1}(u)^{t_{1}}\cdots W_{s}$ (u) $t_{s}$ ,
$w\in\overline{\mathrm{K}}$, $\mathrm{g}\mathrm{c}\mathrm{d}$(W.$\cdot$ , $W_{j}$ ) $=1(\forall i\neq j)$ . (7)
Hensel 1 Wang [Wan77] Hensel
Hensel Hensel
$W_{1},$
$\ldots$ , $W_{s}$ $G_{\dot{\iota}}^{(0)}$ $(i=0, \ldots, r)$ Wang
Wang Hensel $\mathrm{A}\mathrm{a}_{\mathrm{o}}$ “principal
terms”
4(principal terms)
$f$ (u) principcd terms $\mathrm{o}\mathrm{r}\mathrm{d}(f)$ $\mathrm{p}\mathrm{t}(f)$




$g_{1}=3u_{1}^{2}-4u_{1}u_{2}+5u_{2}^{2}-6u_{1}+5u2$ : $\mathrm{p}\mathrm{t}(g_{1})=-6u_{1}+5u2$ ,
$g_{2}=3u_{1}^{6}-2u_{2}^{3}+1$ : $\mathrm{p}\mathrm{t}(g_{2}.)=1$ ,




$F_{\mathrm{N}\mathrm{e}\mathrm{w}}(x, u)=\mathrm{p}\mathrm{t}(f_{n})x^{n}+\cdots+$ pt(fno)x $n_{\mathrm{O}}$ . (8)
(7) (8)
$1\mathrm{c}(G_{0}^{(0)})\cdots 1\mathrm{c}(G_{r}^{(0)})=w\mathrm{p}$t(W1)t1. . . $\mathrm{p}\mathrm{t}(W_{\epsilon})^{t}.,$ .
$W_{j}$ $(j=1, \ldots, r)$ $\mathrm{p}\mathrm{t}(W_{i})$ $1\mathrm{c}(G_{0}^{(0)}),$
$\ldots,$
$1\mathrm{c}(G_{r}^{(0)})$
$j$ $\mathrm{p}\mathrm{t}(Wj)$ 2 $1\mathrm{c}(G^{(0)}.\cdot)$





$W_{j}$ $\tilde{f}(u)$ $\overline{f}(u)=(C0\cdots C_{r})/f_{n}$
$$’ $\tilde{F}$ (x, $u$) $=\tilde{f}(u_{-})\cdot F$ (x, $u$) $i=0,$ $\ldots,$ $r$ $G\overline{!^{0)}.}=(\mathrm{p}\mathrm{t}(c_{:})/1\mathrm{c}(G^{(0)}.\cdot))G^{(0)}\dot{.}$
$\overline{F}$ Newton $F_{\mathrm{N}\mathrm{e}\mathrm{w}}$
$\tilde{F}_{\mathrm{N}\cdot \mathrm{w}}(x, u)=\tilde{G}_{0}^{(0)}\cdots\overline{G}_{f}^{(0\rangle}$ . (9)
$i=0,$ $\ldots,$ $r$ $\tilde{G}_{\mathrm{i}}^{(0)}$ Ci
Hensel $\tilde{F}$$(x,u)$ Hensel
Hensel $F$(x, $u$ )
3
$F$
$F$ $=$ $x^{3}$ ( $12y^{3}+8y^{2}z-yz^{2}-z^{S}+2y^{3}z-3y^{2}z^{2}-$ 2yz3-20y3z$2+5y2z8+$ 6y3z3)
$+$ x204y2-yz-4$z^{2}-6y\mathrm{s}-5y^{2}z-15yz^{2}-2z^{3}$
$+$44y3z–27y2z$2+2yz3-20y32z+18y^{2}z^{3}+2yz33$)
$+$ x(-5z $+$ 6y2-4yz-8z$2-18y^{3}+33y^{2}z-14yz^{2}+5z3$
$+$24y3z-58y2z$2+$ l8yz$3+12y^{3}z^{2}-9y^{2}z^{3}-6y^{3}z^{3}$ )
$+$ ( $-2+$ 12y-6z–18y$2+6yz$ $+2z^{2}+42y^{2}z$ - $36yz^{2}+6z3$
-18y3z $+6y2z2+2yz3+$ 12y3z$2-6y^{2}z^{3}$ - $2y^{3}z^{3}$ ).
$F$ Newton 1 Newton $F_{\mathrm{N}\mathrm{e}\mathrm{w}}$
$F_{\mathrm{N}\cdot \mathrm{w}}=[x(3y-z)-1]\cdot[x(2y+z)+2]\cdot$ [x(2y $+z)$ $+1$]
$G_{1}^{(0)}=x(3y-z)-1,$ $G\{^{0)}=x(2y+z)+2,$ $G\mathrm{S}^{0)}=x(2y+z)+1$ $1\mathrm{c}(F)$
$1\mathrm{c}(F)=(-3y+z+yz)(2y+z+3yz)(-2y-z+2yz)$ .
$W_{1}=-3y+z+yz,$ $W_{2}=2y+z+3yz,$ $W_{3}=-2y-z+2yz$ $\mathrm{p}\mathrm{t}(W_{1})=-3y+z,$ $\mathrm{p}\mathrm{t}(W_{2})=2y+z$ ,
$\mathrm{p}\mathrm{t}(W_{3})=-(2y+z)$ . $W_{1}|1\mathrm{c}(G_{1}^{(0)}),$ $W_{1}$ \dagger $1\mathrm{c}(G_{2}^{(0)}),$ $W_{1}$ \dagger $1\mathrm{c}(G_{3}^{(0)})$ $W_{1}$ $G_{1}^{(0)}$
$\mathrm{p}\mathrm{t}(W_{2})=-\mathrm{p}\mathrm{t}(W_{3}),$ $W$2 $W_{3}$ GSo $G_{3}^{(0)}$ $C_{1},$ $C_{2},$ $C_{3}$
$C_{1}=W_{1},$ $C_{2}=W_{2}W_{3},$ $C\mathrm{s}=WzW_{3}$ .
$\tilde{F}$
$\check{f}=(C_{1}C_{2}C_{3})/1\mathrm{c}(F)=W_{2}W$s, $\overline{F}=\check{f}\cdot F$ =W2W3 $F$.
$\overline{G}_{1}^{(0)},\tilde{G}_{2}^{(0)},\tilde{G}\sim)$














$\tilde{G}_{1}^{(2)},\overline{G}_{2}^{(2)},\overline{G}_{3}^{(2)}$ $F$ (x, $u$ )
$F(x, y, z)=[(-3y+z+yz)x+1-3y+3z+yz]\cdot[(-2y-z+2yz)x-2+2z-2yz]\cdot[(2y+z+3yz)x+1-3y+z+yz]$
4












Memory 1.00 Gbyte. method $\mathrm{H},$ $\mathrm{W}$ $(y, z)=(a, b),$ $(a\neq 0, b \neq 0)$ Hensel
(4 ) $\mathrm{x}$ (3 )
60
$60\sim 80$
$\{-10, -9, \ldots, 9,10\}$




3 10 methods $\mathrm{H},$ $\mathrm{W},$ $\mathrm{E}$ CPU $T_{H},$ $T$w, $T_{E}$




$T_{I}$ $(\backslash )$ $T_{W}(\backslash )$ $T_{\underline{E}}($
.
$)$ $T_{I}/T_{B}$ $T_{W}/T_{E}$ $T_{I}(.)^{---}T_{W}(/^{\downarrow\backslash })$ $E(\mathrm{J}^{\backslash }/)$ $T_{I}/T_{E}$ $T_{W}$ / $T_{E}$
139.0 0.440 0.0900 140 4.891.562.240.0710 22.031.6
3.38 0.730 0.0 90 57.3 12.4 39.7 1.79 1.20 33.1 1.49
23.7 1.89 0.439 54.0 4.31 17.8 0.452 0.0880 202. 5.14
2.53 1.08 0.0640 39.5 16.9 1.31 0.139 0.0210 62.4 6.62
45.0 0.250 0.0840 536 2.97 11.6 0.484 0.0820 141. 5.90
12.4 0.233 0.0850 33.13.651.211.630.0690 17.523.6
1.94 0.860 0.0590 32.9 14.6 48.2 1.04 1.44 33.5 0.722
21.5 1.42 0.461 46.6 3.08 14.5 0.547 0.0890 163. 6.15
3.97 0.768 0.0610 65.1 12.6 0.870 0.117 0.0240 36.3 4.88
4.7 0.297 0.0940 582. 3.16 31.0 0.651 0.0980 316. 6.64
1: Newton 1 2: Newton 1
Tu $(/1|\backslash$ $T\mathrm{m}(/1\downarrow\backslash$ $T_{\mathrm{F}}$ $( \backslash )$ $T\mathrm{w}/T_{\mathrm{F}}$ $T\mathrm{w}/T_{F}$
0.0450 0.0600 0.145 0.310 0.414
0.791 0.102 0.114 6.94 0.895
0.308 0.0943 0.0424 7.26 2.22
0.376 0.145 0.168 2.24 0.863
0.0900 0.131 0.231 0.390 0.567
1.15 OJ04 0.0685 16.8 1.52
0.322 0.319 0.0667 4.83 4.78
0.348 0.0892 0.185 1.88 0.482
OJ35 0.0564 0.0548 2.46 1.03
1.09 0.0568 0.0716 15.2 (1793
3: Newton 2
1\sim 3 $T_{H},$ $T$w, $T_{E}$ 2 $T_{H}/T_{B},$ $Tw/l_{E}$
$T_{E}$ $T_{H},$ $Tw$
1 Newton T 1 method $\mathrm{H},$ $\mathrm{W}$ method $\mathrm{E}$
method $\mathrm{E}$ method $\mathrm{W}$ 3\sim 17 , method $\mathrm{H}$
30 1000 method $\mathrm{H},$ $\mathrm{W}$
30\sim 80 Hensel
method $\mathrm{E}$ 2
Newton $\backslash ^{*}1$ method $\mathrm{E}$
method $\mathrm{H}$ method $\mathrm{W}$ method $\mathrm{W}$
method $\mathrm{W}$ Hensel Hensel
method $\mathrm{H}$ Hensel
method $\mathrm{W}$ method $\mathrm{H}$ Hensel
3 Newton 2 method $\mathrm{E}$ Newton 1
Newton 2 method $\mathrm{H},$ $\mathrm{W}$ Hensel 1
method $\mathrm{E}$ Hensel 2 Hensel





CPU Xeon(TM) 2.80 GHz
Memory 1.00 Gbyte
3 1, $F_{2}$
$F_{1}(x,y, z)$ $=$ $(f_{1}\cdot f_{2}+2y^{2}x+r_{1}x+r_{2})(f_{3}\cdot f_{4}+zx+r\mathrm{a}x+r_{4})$
$F_{2}(x,$ $y,$ $z)$ $=$ $(f_{1}\cdot f_{2}+r1$ $x+$ r2) $(f_{3}\cdot f_{4}+r_{3}x+r_{4})$
$fi,$ $f_{2},$ $f\mathrm{a},$ $f$4 $\rangle$ $rj$
$f_{1}$ $=$ $(y^{2}+z^{2})x+5y$ , $f_{2}=(y+2z)x+2$ ,
$f\mathrm{a}$ $=$ $(3y+2z)x+2$ , $f_{4}=(y+6z)x+2$ ,
$t$: $=$ $l|_{i}(y^{e_{j1_{Z^{e}}:2}}-y\mathrm{e}:\mathrm{a}_{Z)}\mathrm{e}_{i4}(|$. $=1,2,3,4)$ .
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$F_{1},$ $F_{2}$ $r_{i}$ $R_{1},$
$\ldots,$
$R_{4}$ $\{-9, -8, \ldots, 8, 9\}$ $e_{i}(i=1, \ldots, 16)$
(1) 40 $(8\leq ei\leq 12)$
(2) 60 $(13\leq ei\leq 17)$
5
CPU
$F_{1},$ $F_{2}$ $(y, z)=(a, b)$ $a=0$ $b=0$ $(a, b)$
method $\mathrm{H},$ $\mathrm{W}$ $(y, z)=(1,1)$ $F_{1}$ 16 $F_{2}$
36 method $\mathrm{H}$ , W method $\mathrm{E}$ Hensel
$F_{1}$ 2 $F_{2}$ 4 method $\mathrm{E}$ Newton $F_{1},$ $F_{2}$ 1
total $\mathrm{d}\mathrm{e}\mathrm{E}\mathrm{r}\mathrm{e}\mathrm{e}\simeq 40$ total $\mathrm{d}\mathrm{e}\mathrm{g}\mathrm{r}\mathrm{e}\mathrm{e}\simeq 60$
.1 $H(.)$ $\mathrm{z}w$ $($ . $)$ .1 $E($ . $)$ .j. $r/\cdot \mathrm{j}\dot{E}$ $.\mathit{1}\dot{w}/\cdot \mathit{1}\dot{E}$ $T_{H}(\theta^{\backslash })$ $Tw(p_{\grave{J}})$ $T_{E}(\mathrm{b}^{\backslash })$ $T_{H}/T_{E}$ $Tw/T_{E}$
$0\cdot 698$ 0.194 0.0630 11.1 3.08 3.21 0.891 $0\cdot 0780$ $41.2^{-}$ 11.4
0.695 0.273 0.0705 9.86 3.87 3.70 0.791 0.0735 50.3 10.8
0.704 0.155 0.0620 11.4 2.5 2.69 0.655 0.0740 36.4 8.85
0.705 0.166 0.0645 10.9 2.57 3.63 1.21 0.0765 47.5 15.8
0.589 $0\cdot 140$ 0.0655 8.99 2.14 4.33 0.972 0.0910 47.6 10.7
4: $F_{1}$ ( :21
tot de $\mathrm{r}$ $\simeq 40$ total $\mathrm{d}\mathrm{e}\mathrm{g}\mathrm{r}\mathrm{e}\mathrm{e}\simeq 60$
$T_{H}$ $(\backslash )$ $Tw$ $\backslash )$ $T_{E}(\backslash )$ $T_{H}T_{E}$ $Tw/T$ $T_{H}(\emptyset\grave{\prime})$ $Tw(\mathrm{b}^{\backslash })--T_{E}(\theta^{\backslash })$ $\underline{T}_{H}]TE$ $T\mathrm{w}T_{E}$
$16.2$ 4.07 0.0660 245. 61.7 $203^{-}$. 64.0 $0.\overline{1}00$ 2030. 640.
17.1 4.55 0.0630 271. 72.2 119. 41.4 0.0915 1300. 452.
13. 4.27 0.0590 229. 72.3 203. 71.5 0.108 1880. 662.
27.4 8.53 0.0645 42 . 132. 196. 51.9 0.116 1690. 447.
22.5 5.88 0.0690 326. 85.2 198. 60.7 0.0920 2150. 660.
5: $F_{2}$ ( :4 )
4, 5 2 $F_{1}$ 4 40
method $\mathrm{E}$ method $\mathrm{W}$ 2\sim 4 method $\mathrm{H}$ 8\sim 12 60
method $\mathrm{W}$ 8\sim 16 method $\mathrm{H}$ 35\sim 50
4 $F_{2}$ 5 method $\mathrm{E}$ $F_{1}$
, method $\mathrm{H},$ $\mathrm{W}$ $F_{1}$ $F_{2}$ 40
method $\mathrm{E}$ method $\mathrm{W}$ 60 method $\mathrm{H}$ 200 60
method $\mathrm{W}$ 400 method $\mathrm{H}$ 1300








Hensel Newton 1 Hensel
Hensel Newton 2
Newton $S_{1}\Rightarrow S_{2}\Rightarrow\cdots\Rightarrow$ S, Hensel
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